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Abstract
The usual model of the Fano plane has several deciencies, all of which are remedied by
imbedding the complete graph K7 on the torus. This idea is generalized, in two directions: (1)
Let q be a prime power. E3cient topological models are described for each PG(2; q), and a
study is begun for AG(2; q). (2) A 3-conguration is a geometry satisfying: (i) each line is on
exactly 3 points; (ii) each point is on exactly r lines, where r is a xed positive integer; (iii)
two points are on at most one line. Surface models are found for 3-congurations of low order,
including those of Pappus and Desargues. Special attention is paid to AG(2,3). A study is begun
of partial geometries which are also 3-congurations, and four general constructions are given.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A nite geometry can be modelled by specifying its point set P and then giving
the line set L by listing each lines as a subset of P. This abstract model reinforces
the interpretation of the geometry as a block design, or as a hypergraph. But it lacks
the geometric =avor available through the use of 0-dimensional subspaces of some
Euclidean n-space to model P, and higher dimensional subspaces to model L. The
usual model of the Fano plane, which has achieved logo status in combinatorics and
is shown here in Fig. 1, is an attempt to provide such a geometric rendering. But this
model, despite its popularity, has serious defects:
(1) The line {1; 2; 4} is rendered di>erently, yet there is nothing in the axioms for this
geometry to distinguish one line from the others. In fact, Z7 acts regularly on L,
as the labelling we have used reveals.
(2) Each of the other lines appears to have a midpoint, but there is no concept of
‘betweenness’ in the axioms.
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Fig. 1.
(3) One gets the impression, by looking at small neighborhoods of the points, that
three points are on three lines each, three are on ve lines each, and the ‘central’
point (another inappropriate feature) is on six lines.
(4) There are three extraneous intersections of edges in the graph-like gure. These
have no meaning in the geometry, and they give the greatest o>ense to a topological
graph theorist.
The Fano plane model of Fig. 2 remedies all of these deciencies, by imbedding the
complete graph K7 in the torus. The seven vertices depict the points of the Fano
plane, and the seven unshaded regions represent the lines—by means of the points
appearing in the respective boundaries. The seven shaded regions of the K7 imbedding
are hyperregions; they are what remain in the surface when the image of the geometry
is removed. The K7 imbedding is shown as a 7-fold covering space over a one-vertex,
three-loop voltage graph, also imbedded in a torus. All the information about the
former structure is contained in the latter, as can be discerned from the gure. Thus
many imbeddings of interest are constructed by lifting an appropriate voltage graph
imbedding, reversing the arrow of Fig. 2. See [5], or Chapter 10 of [8], for details of
voltage graph constructions.
We claim that the surface model of the Fano plane just given is the most e3cient
such model possible, that the Fano plane has genus one. Formally, this is established by
means of the Levi graph (P∪L as the vertex set, edges given by incidence). The Levi
graph of the Fano plane has girth six (it is the Heawood graph), and no graph of girth
six and minimum degree at least three is planar (a plane graph with such a minimum
degree must have a region with ve or fewer sides). An easy modication of Fig. 2
(add a new vertex in interior of each unshaded region above, join it to each boundary
vertex of that region, delete all the K7 edges) provides the Levi graph of the Fano
plane, in the torus, completing the calculation of genus one for this geometry; see [9].
(Conversely, an imbedding of a Levi graph can be modied to obtain an imbedding of
the geometry on the same surface. Thus a geometry and its Levi graph have the same
genus.) Informally, the model displayed cannot be improved upon, as all hyperregions
are triangular.
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In this paper we generalize the Fano plane, rst to the class of nite projec-
tive planes PG(2; q) and the related a3ne planes AG(2; q), and then to the class of
3-congurations. All geometries considered have the property that two points belong
to at most one line. In each case we seek an e3cient topological model into a surface,
a pseudosurface, or a generalized pseudosurface. Examples should make the distinction
clear, but see [8] for precise denitions and other background material.
2. Finite projective planes
The Fano plane is the projective plane of smallest order; it is PG(2; q), for q = 2.
These Desarguesian planes exist if and only if the order q is a prime power. In [9]
topological models were constructed for all these geometries, as summarized below.
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The model for PG(2; q) has the feature that Zq2+q+1, which acts regularly on both the
point (vertex) set and the line (region) set, also acts regularly on each orbit of the
set of hyperregions. Moreover, the models found are optimally e3cient (in terms of
minimizing genus, or maximizing characteristic), for that feature. The graphs used are
Cayley graphs G
() for =Zq2+q+1 and 
 consisting of q+1 generators which lead
to a perfect di>erence set.
(1) For q ≡ 2 (mod 3); PG(2; q) is modelled on an orientable surface of genus 1 +
(q− 2)(q2 + q+ 1)=3, with all hyperregions triangular.
(2) For q ≡ 1 (mod 3); PG(2; q) is modelled on an orientable surface of genus 1 +
(q − 1)(q2 + q + 1)=3, with q2 + q + 1 hyperregions pentagonal and all others
triangular.
(3) For q ≡ 0 (mod 3); PG(2; q) is modelled on an orientable pseudosurface of char-
acteristic (3 − 2q)(q2 + q + 1)=3, with q2 + q + 1 hyperregions quadrilateral and
all others triangular.
Figueroa-Centeno [2] greatly extended these ideas, modelling PG(m; q) for m+1 prime,
and q a prime power.
3. Finite ane planes
A nite projective plane of order n is an (n2 +n+1; n2 +n+1; n+1; n+1; 1)-BIBD.
(We give, in sequence, the number v of objects (points), the number b of blocks
(lines), the replication number r, the block size k, and the  value: every two objects
are in exactly  common blocks.) By removing one line and all points on that line,
we obtain an (n2; n2 + n; n + 1; n; 1)-BIBD, which is an a3ne plane. If we start with
n = q (a prime power) and PG(2; q)—only prime power orders are known to give a
projective plane, but for some of these PG(2; q) is not the only projective plane of
that order—we get the a3ne plane AG(2; q). It is these geometries we seek to model
next.
The construction of AG(2; q) by deletions from PG(2; q) indicates that there is a
deletion model for each AG(2; q), readily obtainable from the PG(2; q) models of the
preceding section; see [9]. In fact, for q ≡ 0 (mod 3)—that is, for 3 the base prime—
the pseudosurface model can be simplied slightly, by removing q+ 1 of the singular
points of the topological space, corresponding to the points of the deleted line in the
geometry. But none of the deletion models is satisfactory. Not only does the imbedded
graph have only the trivial automorphism; now the lines are no longer depicted by
closed walks bounding regions, but by paths partially bounding regions. Moreover, the
euler characteristic is too low. Thus we seek an alternative to the deletion model, for
AG(2; q).
For q=2, deletions from Fig. 2—say, the line {0; 1; 3} and those three points—leave
AG(2,2) on the torus. But this geometry is planar, as it is readily modelled by K4 (on
points 2; 4; 5; and 6). For q = p, an odd prime, the spherical voltage graph of Fig. 3,
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Fig. 3.
using generating set 
={(0; 1); (1; 0); (1; 1); : : : ; (1; p−1)} for group =Zp×Zp, lifts
to an imbedding of the Cayley graph G
() on Sk , the orientable surface of genus
k=1+p(p−2)(p+1)=2. The p regions covering the loop carrying generator (0,1) are
the vertical lines in AG(2; p), coordinatized. The p regions covering the loop carrying
(1; m) are the lines of slope m, for 0 6 m 6 p − 1. This gives the well-known
resolution of the lines of AG(2; p) into p + 1 parallel classes, of p lines each, each
class partitioning the point set. (The (p2; p2 + p;p + 1; p; 1)-BIBD is resolvable.)
The shaded region below is covered by p(p2 + p)-gons. This is a branched covering
projection.
The construction of Fig. 3 does not extend to prime powers with exponent greater
than one, as the characteristic is still p. Thus the loops will still lift to p-gons, whereas
q-gons are required.
By grouping the loops of Fig. 3, with some voltages (1; m) changed to (c; cm)
for an appropriate c = 0, into triples (as much as possible), satisfying the Kircho>
Voltage Law on the shaded region (that is, each boundary triangle, and perhaps one
boundary pentagon, carries a voltage sum equal to the identity of Zp × Zp), and by
repeated application of the “sum” construction of Section 6c, we obtain models for
AG(2; p) of higher characteristic, and we retain the feature that loops lift to parallel
classes of lines. For (1) and (2) below, the action of Zp × Zp on the set of hyperre-
gions is regular on each orbit, and the models found are optimally e3cient (in terms
of maximizing characteristic) for that feature. Note the similarity to our models for
PG(2; q).
(1) For p ≡ 2 (mod 3); AG(2; p) is modelled on an orientable generalized pseudosur-
face of characteristic −p(2p2 − 4p− 3)=3, with all hyperregions triangular.
(2) For p ≡ 1 (mod 3); AG(2; p) is modelled on an orientable generalized pseudosur-
face of characteristic −p(2p2 − 2p − 3)=3, with p2 hyperregions pentagonal and
all others triangular.
(3) For p ≡ 0 (mod 3), we have only AG(2,3)—which we study in Sections 4 and 6.
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4. 3-congurations
The Fano plane is the ground case for the class PG(2; q) of nite geometries. It
is also the smallest 3-conguration, that is, a nite geometry satisfying the following
axioms:
(i) Each line contains exactly 3 points.
(ii) Each point is on exactly r lines, where r is a xed positive integer.
(iii) Each pair of distinct points are on at most one common line.
The Menger graph of a geometry has points as vertices, and adjacently determined by
collinearity. Then a 3-conguration determines a K3-decomposition of its Menger graph,
and conversely a K3-decomposition of a 2r-regular graph G produces a 3-congura-
tion with replication number r and Menger graph G. (The full parameter set gives
(v; b; r; 3; 0; 1). Now there are two  values: non-adjacent points are not collinear, but
adjacent points are (uniquely).) Thus a 3-conguration is conveniently modelled by an
imbedding of a 2r-regular graph with bichromatic dual, where all the regions of at least
one color class are triangular. (These regions model the lines; the regions of the other
color class are the hyperregions.) Moreover, since all the line-regions are bounded by
3-cycles, we have no misleading impression of “betweenness”, one of the features we
are seeking for our models. (For larger values of k, we would lose this feature. Also,
the value of  would be more di3cult to ascertain; in fact we would need to imbed
a graph other than the Menger graph, to preserve axiom (iii).) Thus we restrict our
attention to 3-congurations, for the balance of this paper. Our imbeddings will be on
surfaces, pseudosurfaces, or generalized pseudosurfaces. Many such imbeddings exist,
for a xed 3-conguration (let each line determine a triangle—in either orientation—
and hence a partial rotation system; extend this to a full rotation system in any of a
large number of ways). The challenge is to nd an imbedding of particular interest:
maximum characteristic, maximal symmetry, revealing properties of the geometry, and
so forth.
Let  (C) denote the maximum Euler characteristic, over all topological models of
the 3-conguration C.
Theorem 1. Let C=(P; L) be a 3-conguration; with parameters (v; b; r; 3; 0; 1). Then
 (C) = v− b= |P| − |L|.
Proof. The maximum Euler characteristic for C will be attained by a 2-cell imbedding
(on some surface, pseudosurface, or generalized pseudosurface) having v vertices, vr=
3b edges, b line-regions, and at most b hyperregions—exactly b, when all hyperregions
are triangular. But we can always imbed the Menger graph for C as bK3 on bS0 with
appropriate vertex identications. Thus
(C) = V − E + F
= v− 3b+ 2b
= v− b:
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Fig. 4. Fig. 5.
We check that, for the generalized pseudosurface (bS0; v(r)) just constructed,
(bS0; v(r)) = 2b− v(r − 1) = 2b− 3b+ v= v− b:
Thus the characteristic of C=(P; L) depends only on the sizes of P and L. However,
as we generally prefer more elegant models than the one constructed in the above proof,
our search is not ended. Now we consider some examples.
(a) AG(2,3). The only AG(2; q) which is a 3-conguration occurs for q= 3. There
are many topological models available for this geometry. None seems perfectly suitable.
Here we describe ve possibilities. Two others (both on generalized pseudosurfaces)
will be given in Section 6. All have Menger graph K9, since the geometry is a BIBD.
All have parameters (9; 12; 4; 3; 1).
(i) The deletion model is on the pseudosurface (S1; 9(2)), a torus with nine pairs of
points identied; see [9]. (There is only the identity symmetry)
(ii) The model provided by Fig. 3 (for p= 3) is on S7. (9 symmetries)
(iii) A suitable rotation scheme nds a model on S3, giving 3 as the genus of AG(2,3);
see [2]. All hyperregions are triangular, except for one hexagon. (3 symmetries)
(iv) Another rotation scheme models AG(2,3) on the pseudosurface (S1; 3(2)), with
all hyperregions triangular. (3 symmetries)
(v) The voltage graph of Fig. 4, imbedded on the surface known as the projective
plane, models AG(2,3) on N5, the nonorientable surface of genus 5, with all
hyperregions triangular. (9 symmetries)
The last model exists in R4; the others are all in R3. Compare any of the above models
with the usual model of AG(2,3), shown in Fig. 5.
(b) The geometry of Pappus. Just as the Fano conguration describes any one of
a number of theorems of Euclidean geometry establishing points of concurrency for
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three lines associated with a triangle (such points include the circumcenter, incenter,
orthocenter, and median; for an equilateral triangle, all four of these points coincide—
see Fig. 1), so the Pappus conguration pictures a theorem of Pappus from Euclidean
geometry establishing collinearity for three points (of intersection of three pairs of lines,
joining three points on one initial line to three points on another initial line). It is also
obtainable by taking any three of the four parallel classes of lines of AG(2,3). The
Menger graph is K3(3), the complement of 3K3 (which represents the fourth parallel
class).
(i) One model covers the voltage graph imbedding of Fig. 2, but using 
= {(1; 0);
(0; 1); (1; 1)} for  = Z3 × Z3, instead of 
= {1; 2; 3}for  = Z7.
(ii) Another model covers the voltage graph imbedding of Fig. 3 for p = 3, after
deleting (say) the loop carrying voltage (1,2).
Both of these models are on the torus, with all hyperregions triangular. Thus the Pappus
conguration, a (9; 9; 3; 3; 0; 1)-PBIBD with association classes given by the strongly
regular graph K3(3), shares genus one with the Fano plane. We show model (ii) in
Fig. 6, which also appears in [3].
(c) The geometry of Desargues. Another collinearity theorem from Euclidean ge-
ometry is due to Desargues: two triangles perspective from a point are also perspec-
tive from a line. Specically, if {A;B;C}; {A;C;F}; {A;D;G}; {C;B;H} and {F;E;H};
{C;D; I} and {F;G; I}; {B;D; J} and {E;G; J} are all lines in a geometry of ten points,
then so is {H; I; J}. This gives a (10; 10; 3; 3; 0; 1)-PBIBD based upon the strongly reg-
ular graph S", where " is the Petersen graph. Since " is not a Cayley graph, neither is
S". Thus the lifting constructions of Figs. 2, 3, and 4 have no analog for this geometry.
Nevertheless, a genus model on S2 was found in [3], by ad hoc methods, and we re-
produce it here in Fig. 7. Note the 3-fold rotational symmetry, which has signicance
for the geometry: rotation by 120◦ xes the point A of perspectivity, the (polar) line
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{H; I; J} of perspectivity, the two triangles BCD and EFG of perspectivity, and nothing
else.
(d) 3-congurations of low order. A 3-conguration is either a (v; b; r; 3; 1)-BIBD
(a Steiner triple system), or a (v; b; r; 3; 0; 1)-incomplete block design (partially balan-
ced, if the Menger graph is strongly regular). In any case, vr=3b, so that 3 divides vr,
and v ¿ 2r + 1. These necessary conditions are also su3cient [4]. Here we describe
one topological model for each relevant pair (v; r), for v6 10 (where non-isomorphic
geometries exist on the same parameters, we have tried to choose one of greatest inter-
est). See Figueroa-centeno [2] for a detailed discussion of low-order 3-congurations.
v= 3; r = 1: K3 on S0 gives a (3; 1; 1; 3; 1)-complete block design.
v= 6; r = 1: 2K3 on 2S0 gives a (6; 2; 1; 3; 0; 1)-PBIBD.
v= 6; r = 2: K3(2) on S0 gives a (6; 4; 2; 3; 0; 1)-PBIBD.
v= 7; r = 3: K7 on S1 gives a (7; 7; 3; 3; 1)-BIBD, the Fano plane.
v= 8; r = 3: K4(2) on S1 gives an (8; 8; 3; 3; 0; 1)-PBIBD. This model also covers the
imbedded voltage graph of Fig. 2, but using Z8.
v= 9; r = 1: 3K3 on 3S0 gives a (9; 3; 1; 3; 0; 1)-PBIBD.
v= 9; r = 2: C3 × C3 on S1 gives a (9; 6; 2; 3; 0; 1)-PBIBD.
v= 9; r = 3: K3(3) on S1 gives a (9; 9; 3; 3; 0; 1)-PBIBD, the geometry of Pappus.
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v= 9; r = 4: The Menger graph is K9, the geometry is the a3ne plane AG(2,3),
and the design is a resolvable (9; 12; 4; 3; 1)-PBIBD. Various models
are described in part a of this section and in Section 6.
v= 10; r = 3: S" on S2 gives a (10; 10; 3; 3; 0; 1)-PBIBD, the geometry of
Desargues.
5. Partial Geometries
Here we study 3-congurations which are also partial geometries. The added
axiom is:
(iv) There is a non-negative integer # so that, for each line 1 and each point p not
on 1,1 contains exactly # points which are collinear with p.
Thus for a partial geometry 3-conguration, the relevant # values are 0, 1, 2, and 3.
We describe examples for each case.
#= 0: nK3 on nS0 gives a (3n; n; 1; 3; 0; 1)-PBIBD. Since r = 1, it is immediate that
#= 0.
#= 1: Partial geometries with # = 1 are called generalized quadrangles. One such
geometry, previously encountered, comes from C3×C3 on S1,a (9; 6; 2; 3; 0; 1)-
PBIBD. If we take the six lines as the three vertical and three horizontal lines
of AG(2; 3), we readily see that # = 1. This imbedding covers the voltage
graph rst used for AG(2; 3) and then (with one loop deleted) for the Pappus
geometry, but now with two loops removed (say, those carrying voltages (1; 1)
and (1; 2)). The imbedding is that of Fig. 6 with the three large white triangles
removed, leaving three hexagonal (shaded) hyperregions.
#= 2: Here we generalize three geometries previously encountered (the rst, third,
and eighth listed in Section 4d). We start with natural number n and Menger
graph K3(n), the complement of 3Kn. The spherical voltage graph of Fig. 8,
using  = Zn, provides one of the most elegant constructions in topological
graph theory. It is due to Stahl [7]. The covering imbedding is of Kn;n, with n
regions, each bounded by a hamiltonian cycle. Adding n new vertices, one in
the interior of each hamiltonian region, and joining each new vertex to each
vertex in its hamiltonian boundary, produces a triangular imbedding of K3(n), in
Sk—where k=(n−1)(n−2)=2. Moreover, that imbedding has bichromatic dual:
let the three partite sets be labelled {ai}; {bj}; and {ck}, where 16 i; j; k 6 n.
Color each region {ai; bj; ck} white if the clockwise boundary is (ai; bj; ck), but
black if the clockwise boundary is (ck ; bj; ai). Then by taking all the regions
of either color, we obtain a (3n; n2; n; 3; 0; 1)-PBIBD, a 3-conguration. Now
let 1 = {ai; bj; ck} and p = am, not on 1 (so m = i). Since {aj; am} is not an
edge of K3(n), but both {bj; am} and {ck ; am} are, and since 2 = 1, both edges
extend uniquely to a line, and we have veried that #= 2.
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#= 3: Bichromatic dual orientable surface triangulations for Kn exist precisely for
n ≡ 3 or 7 (mod 12); see [6] or [10], respectively. These (n; n(n − 1)=6; (n −
1)=2; 3; 1)-BIBDs—Steiner triple systems—all have #= 3 uniformly, by an ar-
gument similar to that given for K3(n) above. Similarly, each Steiner triple
system (of all orders v ≡ 1 or 3 (mod 6)) has # = 3 and can be topologically
modelled in a variety of ways—although not necessarily with all hyperregions
triangular.
6. Four constructions
We give four constructions, either to produce a 3-conguration or to combine two
such, to form a third. In three of the cases, the construction leads directly to a topo-
logical model.
(a) Line graph of a cubic graph. Let G(p; q) be a cubic graph (of order p and size
q), imbedded in its genus surface Sk . Subdivide each edge, and join the new vertices to
each other within regions, whenever they are successive in the region boundary. From
the resulting graph, delete the vertices of G and their incident edges. The yield is a
genus imbedding of the line graph L(G) on Sk , and a genus model for a 3-conguration
with parameters (q; p; 2; 3; 0; 1), for which L(G) is the Menger graph. For example,
G = K4 on S0 leads to L(G) = K3(2) on S0; and G = K3;3 on S1 (with either of the
two possible region distributions) produces L(G)=C3×C3 on S1. (The corresponding
3-congurations have been encountered above, but their genus imbeddings were dif-
ferently constructed.) We remark that for imbeddings of cubic graphs, the line graph
agrees with the medial graph of Archdeacon [1].
(b) Line graph of Kn. Form a geometry whose points are the edges of Kn and whose
lines are the triangles (3-cycles) of Kn. As the corresponding Menger graph, L(Kn), is
strongly regular, the result is an (n(n−1)=2; n(n−1)(n−2)=6; n−2; 3; 0; 1)-PBIBD. The
challenge is to nd a suitable imbedding for L(Kn). Examples start with: L(K3) = K3
on S0; L(K4) = K3(2) on S0 (again!), and L(K5) = S" on S2. (To see why L(K5) = S",
the Menger graph of the geometry of Desargues, recall one denition of the Petersen
graph " as having for vertices all 2-subsets of a 5-set (i.e. edges of K5), with disjoint
vertices adjacent. Then in S" adjacent vertices intersect, which describes L(K5). We
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further see that each vertex {i; j} of L(K5) (point of the Desargues geometry) has a
unique polar line, which is the complement of {i; j} in the vertex set of K5; this is
a feature of the geometry). An imbedding of L(Kn) with all regions (line-regions and
hyperregions) triangular would have genus (n+1)(n− 3)(n− 4)=12, so this is a lower
bound for the genus of these 3-congurations. Equality holds for n= 3 and 4, but not
for n=5. (All regions triangular is impossible for Desargues; see [3].) It appears that no
suitable imbedding has yet been found for n= 6 or beyond. In general, the candidates
for triangular hyperregions arise from K1;3 subgraphs of Kn, whereas the line-regions
come from K3 subgraphs. All of the latter would be used, but only some of the former.
(c) A sum construction. For i = 1; 2 let C(i) = (P; Li) be a 3-conguration with
parameters (v; bi; ri; 3; 0; 1) and Menger graph Gi, topologically modelled on space Ti
(a surface, pseudosurface, or generalized pseudosurface, either orientable or nonori-
entable). Assume that T1 and T2 are disjoint and that no line from C(1) intersects any
line from C(2) in more than one point (i.e. G1 and G2 are edge disjoint). Let L=L1∪L2.
Then C(1)+C(2)=(P; L) is a 3-conguration with parameters (v; b1+b2; r1+r2; 3; 0; 1)
and Menger graph the edge-disjoint union of G1 and G2, and a topological model on
the generalized pseudosurface (T1 ∪ T2; v(2)) that arises by identifying the v pairs of
corresponding points of the disjoint spaces T1 and T2. If all hyperregions are triangu-
lar for both initial imbeddings, then the same is true for the sum imbedding, and the
optimal euler characteristics are related by the equations:
(C(1) + C(2)) = (C(1)) + (C(2))− v= v− b1 − b2:
If, in addition, C(1) ∼= C(2) ∼= C (say), with parameters (v; b; r; 3; 0; 1), then C + C
has parameters (v; 2b; 2r; 3; 0; 1) and (C + C) = v− 2b.
For examples, rst we o>er C(1) from K3(3) on S1 and C(2) from 3K3 on 3S0;
then C(1) + C(2) is AG(2,3), modelled on (S1 ∪ 3S0; 9(2)), with 27 symmetries. The
characteristic is 0 + 3 × 2 − 9 = −3, optimal for AG(2,3)—along with the models
on (S1; 3(2)) and N5. In addition, we see how the fourth parallel class completes
the Pappus geometry to AG(2,3). Next, for 1 6 i 6 4, let C(i) ∼= C given by
3K3 on 3S0 be the four parallel classes of AG(2,3). Then by three iterations of our
sum construction, we model AG(2,3) on (12S0; 9(4)), also of characteristic −3. (Both
models have all hyperregions triangular.) Finally, the second set of models given for
AG(2; p) in Section 3 involves (p − 2)=3 iterations of the sum construction for p ≡
2 (mod 3), and (p− 4)=3 iterations for p ≡ 1 (mod 3).
(d) A product construction. This construction is a geometrical and topological ana-
log of the cartesian product operation for graphs. In visualizing the construction, it
might be helpful to regard G1 × G2 as consisting of |V (G1)| disjoint copies of G2
and |V (G2)| disjoint copies of G1. For 1 = 1; 2 let C(i) = (Pi; Li) be a 3-conguration
with parameters (vi; bi; r1; 3; 0; 1), Menger graph Gi, and a topological model on space
Ti (a surface, pseudosurface, or generalized pseudosurface, either orientable or nonori-
entable.) Assume further that T1 and T2 are disjoint. Combine v1 copies of the model
of C(2) with v2 copies of the model of C(1) (all mutually disjoint) by identify-
ing vertices in pairs, so as to get Menger graph G1 × G2 for the 3-conguration
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C(1)×C(2)=(P; L)—where P=P1×P2 and L is determined by G1×G2—having param-
eters (v1v2; v1b2+v2b1; r1+r2; 3; 0; 1) and modelled on the generalized pseudosurface
(v1T2∪v2T1; v1v2(2)). If all hyperregions are triangular in both initial imbeddings, then
the same is true for the product imbedding, and the optimal euler characteristics are
related by the equations:
(C(1)× C(2)) = v1(C(2)) + v2(C(1))− v1v2 = v1v2 − v1b2 − v2b1:
If, in addition, C(1) ∼= C(2) ∼= C (say), with parameters (v; b; r; 3; 0; 1), then C ×
C has parameters (v2; 2vb; 2r; 3; 0; 1), and (C × C) = v(v − 2b). For example, let
C:(n; n(n−1)=6; (n−1)=2; 3; 1) arise from bichromatic dual orientable surface triangular
imbeddings of Kn as before, for n ≡ 3 or 7 (mod 12). Then, since Kn×Kn=L(Kn;n) is
strongly regular, C×C is an (n2; n2(n−1)=3; n−1; 3; 0; 1)-PBIBD, optimally imbedded
on an orientable generalized pseudosurface of characteristic n2(4− n)=3. Note that for
n=3, we nd C3×C3 on (6S0; 9(2)), of characteristic 3—an impossible characteristic
for connected surfaces. But here we have a triangular imbedding, which is not available
on a connected surface.
(e) A theorem. We highlight results of the two previous sections.
Theorem 2. For i = 1; 2; let C(i) = (Pi; Li) be a 3-conguration with parameters
(vi; bi; ri; 3; 0; 1); Menger graph Gi; and a topological model on space Ti. Let T1 and
T2 be disjoint.
(i) If P1 = P2; and no line in L1 meets any line in L2 in more than one point; then
setting P+=P1=P2 (so that v=v1=v2) and L+=L1∪L2 gives a 3-conguration
C(1)+C(2)=(P+; L+) with parameters (v; b1 +b2; r1 + r2; 3; 0; 1); Menger graph
G1 ∪ G2; and a model on (T1 ∪ T2; v(2)) of characteristic (T1) + (T2)− v.
(ii) Setting Px =P1×P2 and forming Lx in accordance with Menger graph G1×G2
gives a 3-conguration C(1) × C(2) = (Px; Lx) with parameters (v1v2; v1b2 +
v2b1; r1 + r2; 3; 0; 1); and a model on (v1T2 ∪ v2T1; v1v2(2)) of characteristic
v1(T2) + v2(T1)− v1v2.
(iii) If; in addition to the above hypotheses; all hyperregions are triangular for the
models in both T1 and T2; then the same is true for both the sum and the product
models; and the optimal characteristics are:
(a) (C(1) + C(2)) = v(3− r1 − r2)=3 = v− b1 − b2 = |P+| − |L+|:
(b) (C(1)× C(2)) = v1v2(3− r1 − r2)=3 = v1v2 − v1b2 − v2b1 = |Px| − |Lx|:
7. Conclusion
The Fano plane is both a nite projective plane PG(2,2) and a 3-conguration, with
r=3. The Cayley graphs G
() used to model PG(2,q) are (2q+2)-regular, and hence
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are the Menger graphs Kq2+q+1 for the geometry if and only if q = 2. Their e3cacy
comes from the perfect di>erence set implicit in the generating set used for the group
= Zq2+q+1. Thus certain pairs of points are collinear not because of adjacency in the
graph G
(), but because of belonging to the same (q+1)-gon in the imbedding. The
perfect di>erence set establishes the “= 1” property. Our models for AG(2; q) either
derived from those for PG(2; q), or relied on analytic geometry in Zq × Zq, where q
was prime. For other nite geometries we have considered, the structure of either a
perfect di>erence set or an analytic approach is not available, but this is overcome
by restricting to uniform line size 3, so that the graphs imbedded are the Menger
graphs. Then  = 1 (or 2 = 1, with 1 = 0) is achieved by a bichromatic dual
imbedding with one color class giving a K3-decomposition. Many models of such
geometries—3 congurations—have been described. Many problems remain. Here are
some of them.
(1) Find more satisfactory topological models for AG(2; p), where p is an odd prime.
Our surface models are ine3cient, and our e3cient models are on generalized
pseudosurfaces. For p=3 we found a surface model of maximal characteristic (all
hyperregions triangular), but that is unavoidably nonorientable.
(2) Find topological models (other than by deletions from PG(2; pr) for AG(2; pr).
where r ¿ 1,
(3) For every order pair (v; r) satisfying 2r + 1 6 v 6 50 and 3 dividing vr, a
topological model has been found for a 3-conguration on v points and replica-
tion number r. Some of these are PBIBDs; many are not. For the pairs (36; 15)
and (42; 18), nd rst K3-decompositions of the strongly regular Menger graphs
K6(6) and K7(6), respectively, and then suitable topological models of the resulting
PBIBD 3-congurations.
(4) Find suitable imbeddings for L(Kn), for n¿ 6.
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